CATEGORY-ISOMORPHISMS AND ENDOMORPHISM
RINGS OF MODULES

BY
KIITI MORITA

1. Introduction. Asis well known, any two faithful modules over a simple
ring are isomorphic if their endomorphism rings are isomorphic. This theo-
rem, however, cannot be extended to the case of modules over a semi-simple
ring. As a generalization of isomorphisms between modules over a ring we
have the notion of semi-linear isomorphisms. But even this notion is not
general enough for the above theorem to be generalized to the case of modules
over a semi-simple ring(!). It seems to the author that the most general type
of condition which implies the existence of an isomorphism between the endo-
morphism rings of two modules is to require the existence of a category-
isomorphism carrying one of these modules into the other, and by the notion
of category-isomorphisms we can obtain a generalization of the above theo-
rem in a satisfactory form even for modules over a quasi-Frobenius ring.

Let A and B be associative rings each of which satisfies the minimum con-
dition for left and right ideals and has a unit element. Let % be a class of
right (or left) A-modules and B a class of right (or left) B-modules. A func-
tion T, which assigns to each module X in % a B-module T(X) in 8 and to
each 4-homomorphism f: X —-X'(X, X' E€%) a B-homomorphism T(f): T(X)
—T(X"), is called a covariant functor from the category U to the category
B(?) if the following three conditions are satisfied:

(1) If f: X—X is the identity then T'(f) is the identity;

) T(f o ) =T(fHoT(f) forfiX—-X',f:X — X"
©) T(f+f) =T+ T(f) forf,f: X > X"

Let T and 7" be two covariant functors from % to 8. A natural trans-
formation ®: T'— 1" is defined to be a family of B-homomorphisms
d(X): TX)>T'(X)(XEA) such that T'(f) o ®(X)=P(X’) o T(f) for each
A-homomorphism f: X—X’. If each ®(X) is a B-isomorphism of T'(X) onto
T'(X) then ®: T—T" is called a natural equivalence. If there exists a natural
equivalence ®: T—T", T and T” are said to be naturally equivalent,.

Received by the editors July 18, 1961.

(1) Let A =A4,D 4, be a semi-simple ring such that 4, and 4, are isomorphic respectively
to the full matrix rings (K), and (K); over a field K. If we denote by L; the simple right ideal of
A; (i=1,2) and put X=L,O LD L,, Y=L, L,®D L, then the endomorphism rings of X and
Y are isomorphic, but there is no semi-linear isomorphism of X onto Y.

(%) The category in which “objects” are modules in % and “maps” are all A-homomorphisms
between modules in % will be denoted by the same letter . Here we are considering additive
functors. As for functors, cf. Cartan and Eilenberg [5].
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Let T be a covariant functor from ¥ to 8 and T: a covariant functor
from B to A. In case the composite functors T27; and T7T. are naturally
equivalent to the identity functor, Ti(resp. T3) is called a category-isomor-
phism from ¥ onto B (resp. from B onto A)(®).

For a ring C we shall denote always by ¢ the category of all right C-
modules and by End¢(M) the C-endomorphism ring of a right C-module M.

With these notations we have

ProrositioN 1.1. Let X be a right A-module and Y a right B-module. If
there exists a category-isomorphism T from M onto Mp such that T(X) is
B-isomorphic to Y, then End4(X) is ring-isomorphic to Ends(Y).

Indeed, the correspondence f—y o T(f) oy~! for fEEnd4(X) gives a
ring-isomorphism of End,(X) onto Ends(Y) where ¢ is a B-isomorphism of
T(X) onto Y.

The present paper is concerned with the problem: For what kind of rings
A and B does the converse of Proposition 1.1 hold?

In discussing this problem we shall first restrict ourselves to the case of
faithful modules. It can be shown that if 4 and B are quasi-Frobenius rings
and if a right A-module X and a right B-module Y are faithful modules which
are direct sums of finitely generated submodules then the converse of Proposi-
tion 1.1 holds. However, we can establish a more general and more precise
result,

We shall say that a subring C of End.(X) is strongly dense in End4(X) if
the following two conditions are satisfied:

(1) C is dense in End4(X) in the ordinary sense; that is, for any finite
number of elements x, - - -, x» in X and for any endomorphism f& End 4(X)
there exists g& C such that g(x;) =f(x;) fori=1,2, - - -, m.

(2) For each finitely generated 4-submodule M of X which is a direct
summand of X there exists g& C such that g is a projection of X onto M.

Here we shall recall some definitions. Let 4 be a ring which has a unit
element and satisfies the minimum condition for left and right ideals. Then
A is called quasi-Frobenius if Hom (Hom(X, 4), 4)=2X holds for every
finitely generated left or right A-module X where Hom,(Y, A4) for a left
(resp. right) A-module Y means the right (resp. left) A-module which con-
sists of all A-homomorphisms of ¥ into 4 with the usual compositions:
(a+B)(») =a(®) +B(3), (aa)(y)=a(y)a (resp. (ac)(y)=a(a(y))), for a, B
EHom(Y, 4A), a€A, y& Y. A is called generalized uni-serial if every left
ideal Ae as well as every right ideal e4 generated by a primitive idempotent
element e possesses only one composition series. 4 is called uni-serial if 4 is
generalized uni-serial and if 4 is a direct sum of two-sided ideals each of
which is a primary ring. Semi-simple rings are uni-serial, and uni-serial rings

(?) As for category-isomorphisms cf. Morita [8], in which they are introduced under the
term of isomorphisms.
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are quasi-Frobenius, and group rings of finite groups over a field are also
quasi-Frobenius.
Now we can state our main theorem.

THEOREM 1.2. Let A and B be quasi-Frobenius rings. Let X and Y be re-
spectively a faithful right A-module and a faithful right B-module such that X
and Y are direct sums of finitely generated submodules. Let C be a strongly dense
subring of Enda(X) and D a strongly dense subring of Ends(Y). If ® is a ring-
isomorphism of C onto D, then there exists a category-isomorphism T from Ma
onto Mp such that T(X) is B-isomorphic to ¥ and

®(f) =y¥o T(f) oy JorfeC
holds with a B-isomorphism ¢ of T(X) onto Y.

As a special case where C=Ends(X) and D=Ends(Y) Theorem 1.2 con-
tains a solution to the problem proposed above in its precise form.

In applications of Theorem 1.2 it will be useful to note that any module
over a generalized uni-serial ring is a direct sum of cyclic submodules (cf.
Nakayama [11]) and hence a direct sum of finitely generated submodules.

In case 4 and B are self-basic, that is, each of them coincides with its
basic ring, Theorem 1.2 can be brought into another form:

THEOREM 1.3. Let A and B be self-basic quasi-Frobenius rings. Let X, Y,
C, D be as in Theorem 1.2. Suppose that ® is a ring-isomorphism of C onto D.
Then there exists a semi-linear isomorphism w of X onto Y with a ring-isomor-
phism 0 of A onto B(*) such that

&(f) =wofouw forfEC.

As is well known, any dense subring of the ring of all linear transforma-
tions of a vector space over a division ring is strongly dense in our sense if it
contains a nonzero linear transformation of finite rank. Accordingly it is seen
that the isomorphism theorem for primitive rings with minimal left ideals (cf.
Jacobson [7]) may be obtained as a special case of Theorem 1.3; we have only
to notice that a division ring is self-basic, generalized uni-serial and quasi-
Frobenius. Likewise Shoda’s theorem [14], Asano’s theorem [1], and Baer's
theorem [4], which are concerned with endomorphism rings of modules over
a commutative or completely primary uni-serial ring, are also special cases of
our Theorem 1.3.

In the above theorems we have dealt with the case of faithful modules. In
case we admit X and Y to be nonfaithful modules, we must restrict ourselves
to the case where 4 and B are similar(®). This restriction is justified by the

(4) That is, w is a one-to-one mapping of X onto Y such that w(x+x’)=w(x)+w(x’),
w(xa)=w(x)6(a) for x, x’E X, aC 4.
(%) If the basic rings of 4 and B are isomorphic, we shall say that 4 and B are similar.
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following two facts: (1) if there exists a category-isomorphism from ¢4 onto
M5 then A and B are similar (cf. Morita [8, Theorem 7.5]), and (2) for a
nonzero two-sided ideal I of A the residue class ring 4/ is not similar to 4
but End4(X)=End,;;(X) for any right A/I-module X. Our results in this
case will be stated in §7.

The types of rings to which 4 and B are restricted in the above theorems
are shown (under some condition) to be general enough for the conclusions in
these theorems to hold. From this point of view we have a new characteriza-
tion of quasi-Frobenius rings (§6).

If in Theorems 1.2 and 1.3 we impose on X and Y a further restriction
that X and Y should be fully faithful in the sense defined in §3 then these
theorems remain true for any rings 4 and B with a slight condition which is
satisfied for any algebras over a commutative field; these results are stated
in §3 as Theorems 3.2 and 3.3 from which Theorems 1.2 and 1.3 will be
deduced as immediate corollaries.

Throughout this paper the meanings of the notations used in this intro-
duction will be retained; thus, 4 and B are always assumed to be associative
rings each of which has a unit element and satisfies the minimum condition
for left and right ideals. Modules over a ring are assumed to be unital in the
sense that the unit element of the ring acts on the modules as the identity
operator.

2. Category-isomorphisms. Let us denote by 1 the unit element of 4.
Then there exist mutually orthogonal primitive idempotent elements e ;,

k=1,---,m;1=1, - .-, r(k) such that
m  r(k)
1= > e Aea.= Ae,; ifandonlyifk =e.
k=1 =1
Let us put

m
A0 = eAe, e = Z €k,1.
k=1

A%is called the basic ring of 4 ; the basic ring of 4 is determined by 4 uniquely
up to an inner automorphism (cf. Osima [13]).
Let us set

Pl(X) =X Q®a Ae, for X & 9.72,4,
Py(X%) = Homy® (4e, X9), for X° € M,

where Ae is considered as a two-sided 4 —A°%module. Then, as is shown in
Morita [8, §7], P1 is a category-isomorphism from 4 onto Mo and P; a
category-isomorphism from 40 onto M4, and the composite functors PP,
and P,P, are naturally equivalent to the identity functor.

For B we shall construct the corresponding functors:
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Ql(Y) =Y ®3 BG' fOl' Y G ﬂRB,
02(Y%) = Homp (Be’, YY), for Y° € Mpe

where ¢’ is defined similarly as e for A, B=¢'Be’ is the basic ring of B, and
Be' is considered as a two-sided B — B%-module. The composite functors Q:Q;
and Q:Q; are naturally equivalent to the identity functor, and Qy: Mz—Mao,
Q2: Mp—IMp are category-isomorphisms.

Let T be any category-isomorphism from I, onto Mz. Then

T = QlTP22 EDZA" — Mpo

is a category-isomorphism and T is naturally equivalent to a category-
isomorphism Q,T°P,. Thus the diagram

Mg ——— M

Pzﬂ P,y QllT Q2

is commutative in the sense that the composite functors indicated by arrows
are naturally equivalent if they are defined over the same category and have
values in the other same category.

Thus the study of category-isomorphisms from 4 onto M3 is reduced
to that of category-isomorphisms from M40 onto Mpo. As for the latter the
following theorem is fundamental.

THEOREM 2.1. Let U be a class of right A-modules containing A as a right
A-module and B a class of right B-modules containing B as a right B-module.
Let Ty and T, be category-isomorphisms from U onto B and from B onto A such
that ToT) and T1T: are naturally equivalent to the identity functor. Suppose
that there is an A-isomorphism o: A—Ts(B). Then there exists a ring-isomor-
phism 0 from A onto B such that

4) T:(Yo@) = 00,007 fora € A
holds. (1) is equivalent to
) o(au) = 6(a)o(u), foru& A,a € A.

Here ¢o: A—A is a right A-homomorphism defined by ¢.(x) =ax for xS A and
Vs: B—B a right B-homomorphism defined by u(y) =by for yE B, and bv is de-
fined to be T2(Y»)v for v&E T2(B), bEB.

In this case V= T2(B) becomes a two-sided B — A-module and T is naturally
equivalent to the functor Hom4(V, ). Furthermore

(6) I'(X): X — Homy (V, X) for XA

defined by I'(X)(x) =¢, 0 ™" is a semi-linear isomorphism with a ring-isomor-
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phism 0 of A onto B, that is, T'(X)(xa) = [['(X)(x)]0(a), where ¢.: A—X is
defined by ¢.(a) =xa for xEX, aEA.

Proof. Since 07! o T2(Y») 0 ¢ is an A-endomorphism of the right A-module
A, there exists uniquely an element of 4, which will be denoted by x(b), such
that 0= 0 T2(¥») 0 0 =¢xe). Then ¥ is easily shown to be a ring-isomorphism
of B onto A. If we put §=x"1, we have the first part of the theorem.

The second part is proved in Morita [8, Theorem 3.1]. As for the last part
we have

[P(X)(20)](0) = (20 ™)(2) = (xa)[c7'(v)]
= x[a(e72(0))] = 2[e72(6(a)2)] = (¢. 0 ™) (6()v)
= [M(X)®)]6(a)9) = [(T(X)(2))8(a)](v).

This completes the proof.
In Theorem 2.1, if we put vo=0(1), then we have

) V=1{ve|ae€ 4}, va=0ifandonlyifae=0,
8) voa = 0(a)vo forac A.

Conversely, for a given ring-isomorphism 6 of 4 onto B we can construct
a two-sided B—A4-module V by the formulas (7) and (8). Then ¢: A—V de-
fined by o(a) =vea is an A-isomorphism satisfying (5), and the covariant
functor T defined by

T(X) = Hom,(V, X), for X € My,
[T(H](@) =foa, fora & Homu(V, X), f € Homa(X,X’)

is a category-isomorphism from M4 onto Mz by Morita [8, Theorem 3.4]
and the ring-isomorphism associated with T" by Theorem 2.1 is equal to 6.

LeEMMA 2.2, With respect to the category-isomorphism T defined above we
have

T(f) = I'(X) o fo I(X)™, for f € Enda(X),
where XEM4 and T'(X) is defined by (6).

Proof. For the sake of brevity we set w;=T'(X) and S(f) =T'(X) ofoT'(X) %
Let a€Homy,(V, X), aEA4, and put x=a(vo). Then we have

[01(%)](008) = ($20 071 (v08) = ¢:(07(v00)) = $.(a) = xa,

a(vea) = [a(v0)]a = xa,
and hence wi(x) =a. Therefore
S(f)(@) = (w10fowi)(a) = w1(f(x))

and consequently
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[S(N(@)](wea) = [w1(f(#))](vea) = f(x)a.
On the other hand, we have
[T(N(@)](w0a) = (fo )(vea) = fa(000)) = f(xa) = f(x)a.
This completes our proof.

LEMMA 2.3. Let w be a semi-linear isomorphism of a right A-module X onto
a right B-module Y with a ring-isomorphism 6 of A onto B. If we put ¢
=woI' (X)), then Y is a B-isomorphism of T(X) onto Y and

wofowl=yoT(f)oy! for f € End4(X).

Proof. This is an immediate consequence of Lemma 2.2,

Now let 4 and B be self-basic rings. Then for any category-isomorphism
T, from Mp onto M, there exists always an A-isomorphism o: A—T2(B);
this is seen from the fact that the projectivity and indecomposability of
modules are preserved under any category-isomorphism (cf. Morita [8, §13]).
Therefore any category-isomorphism from I, onto Mg is determined by a
ring-isomorphism 6 of 4 onto B.

3. Main theorem. In this section we shall state our main theorem in a
more general setting.

We shall say that a right A-module X is fully faithful, if every indecom-
posable projective right 4-module as well as every indecomposable injective
right A-module is 4-isomorphic to a direct summand of X. Then we have
clearly (e.g., cf. [8, Theorems 14.1 and 16.5]).

ProrosiTION 3.1. 4 is @ quasi-Frobenius ring if and only if every faithful
right A-module is fully faithful.

We are now in a position to state our main theorem in a more general
form.

THEOREM 3.2, Assume that every indecomposable injective right A-module
and every indecomposable injective right B-module are finitely generated. Let X
be a fully faithful right A-module and Y a fully faithful right B-module, and let
X and Y be direct sums of finitely generated submodules. Let C be a strongly
dense subring of End4(X) and D a strongly dense subring of Endg(Y). If® isa
ring-isomorphism of C onto D, then there exists a category-isomorphism T from
M4 onto M such that T(X) is B-isomorphic to ¥ and

®(f) =voT(f)oy™! forfeC
holds with a B-isomorphism  of T(X) onto Y.
The following theorem corresponds to Theorem 1.3.

THaeoreM 3.3. Let A, B, X, Y, C, and D be as in Theorem 3.2. Assume fur-
ther that A and B are self-basic. If ® is a ring-isomorphism of C onto D, then
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there exists a semi-linear isomorphism w of X onto Y with a ring-isomorphism
0 of A onto B such that

8(f) = wofow, forfEC.

From Proposition 3.1 it follows that Theorems 1.2 and 1.3 are special
cases of Theorems 3.2 and 3.3 respectively. We shall prove here

ProrosiTiON 3.4. Theorem 3.2 can be deduced from Theorem 3.3.

Let 4, B, X, Y, C and D be the same as in Theorem 3.2, and let ® be a
ring-isomorphism of C onto D. With the notations used at the beginning of
§2 we set

X0 = PI(X); Yo = Ql(y)7
c={P(|fec}, D ={Qp]|se€ D}

(9) &o(P1(f)) = Qu(2(f)) for f € C.

Then X° and Y?° are fully faithful modules over 4° and B° respectively, and
they are direct sums of finitely generated submodules. C° and D° are strongly
dense subrings of End ¢(X?) and Endg(Y?) respectively. ®, is a ring-isomor-
phism of C°onto D°. Moreover, A° and B? are self-basic rings such that every
indecomposable injective right module over A° (resp. B°) is finitely gener-
ated.

Let us now assume that Theorem 3.3 is true. Then there exists a semi-
linear isomorphism wo of X°® onto ¥ such that ®,(P1(f)) =wo 0 P1(f) o wy* for
fEC. Hence by Lemma 2.3 there exists a category-isomorphism T’ from 0
onto Mo such that

(10) ®o(P1(f)) = Yoo To(Pi(f)) o ¥ forfEC

holds with a B%isomorphism y¢: To(X°)=2 Y,
From (9) and (10) we get

(11) (0:01)(2(f)) = Q:2(¥0) 0 (Q2ToP1)(f) 0 Qa(Po) ™.

Now let u be the natural equivalence from the identity functor to Q:Q:.
Then we have

(Q201)(2() = u(¥) o &(f) ou(¥)™
Hence, if we put
T = Q:ToPy, ¢ = u(¥) o Q:(¥0),

then T is a category-isomorphism from M4 onto Ma, ¥ is a B-isomorphism
of T(X) onto Y, and



1962] ISOMORPHISMS AND ENDOMORPHISM RINGS OF MODULES 459

&(f) =v¥o T(f)o¥7, for f € C.

Thus we have proved that Theorem 3.3 implies Theorem 3.2.
4. Some lemmas.

LemMA 4.1, Let X be a faithful right A-module which is decomposed into a
direct sum of two submodules X and X, such that X is A-isomorphic to A as a
right A-module. Let C be any dense subring of End4(X). Suppose that C contains
a projection ey from X onto Xo. Then the left C-module X is C-isomorphic to
Ceo, and any C-endomorphism of X is obtained by the right multiplication of an
element of A.

Proof. We assume that X;=(1—¢g)X. Let x, be the element of X, cor-
responding to the unit element of 4 by the given isomorphism of X, onto 4.
We put a(xa) =aforaE 4 ; a(x) =0for xE€ X,. Then we have aEHom4 (X, 4).
Then for ' €X the correspondence x—x’a(x) defines an A-endomorphism of
X which will be denoted by o(x’); we have

2'[a(®)] = o(x")x, o(x') € Endy(X).

For ¢ we have a(x+x') =0(x)+0(x'), o(cx) =co(x) for c€End,(X). More-
over, we have a(x) =ey, o(x)eo=0(x) for xE X, since

1) ‘o(x0) (x0a) = xoa(x0a) = %00 fora € 4,

and
o(x0)(x) = x0a(x) =0 for x € X3

(2) o@®)a’ = z[a(x)] = x(aler’)) = o(x)[eor’] = (¢(x)er)(2") for any 2’ € X.

Thus ¢ is an End4(X)-homomorphism of X into End4(X)eo. Furthermore,
o is an End4(X)-isomorphism; (1) for x#x’ we have o(x)#0c(x’) because
x=xa(xo) =0(x)xo; (2) for any fEEnd4(X) we have o(fxo) =fo(xo) =feo and
hence ¢ is onto.

Now let fEEnd4(X). Then, since C is dense in End4(X), there exists
g€ C such that g(xo) =f(x,). For this g we have geo=go(x¢) =0 (gx0) =0 (fxo)
=fo(xo) =fe,. Hence Ceo= [End4(X)]eo. This proves the first part.

To prove the second part, let A be any C-endomorphism of X, If we put
a=a(\(x)), then for any x EX we have xa =x(a\(x0))) =0 (x)N(x0) =N(o(x)x0)
=N\(xa(x0)) =\(x). (Cf. Morita [8, §3]).

LEMMA 4.2, Let X be a right A-module which is decomposed into a direct
sum of finitely generated A-submodules. Let C be a strongly dense subring of
Ends(X). If e is a primitive idempotent element of C, then e is primitive also in
End4(X) and eX is a finitely generated, indecomposable A-module.

Proof. From the assumption it follows that X is a direct sum of indecom-
posable, finitely generated A-submodules X\(AEA): X=Z @ X,. Then for
each \ there exists an idempotent element e,&C such that X,=eX. By
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Azumaya [2, Theorem 1] there exist some ¢, and an idempotent element fEC
such that e is one-to-one on €, X, and ee, X =fX and f is primitive in End4(X).
Hence we have

ef = f, feen = eey.
Furthermore, we have
e = efe + (e — efe)
(efe) (efe) = efe, efe(e — efe) = (e — efe)efe = 0.

Since e€ C, fEC and e is primitive in C, we have e=efe; otherwise we would
have efe=0 and hence ee), = (efe)ex =0 which contradicts eex X =fX £0. Hence
fe=(ef)e=e. Thus we get ef =f, fe=e. This shows that eX =fX. Therefore eX
is a finitely generated, indecomposable 4-submodule and e is primitive in
End,(X).

LEMMA 4.3. Let X and C be as in Lemma 4.2. Let e be an idempotent element
of C such that eX is finitely generated. Then e is a sum of a finite number of
mutually orthogonal primitive idempotent elements of C.

Proof. Let eX=X,® - - - ®X, be a decomposition of eX into a direct
sum of indecomposable, finitely generated submodules. We shall denote by e;
the A4-endomorphism of X which is identity on X; and zero on (1—e)X
® D ;i«®X;. Then we have e=e,+ - - - +e,. Since eX is finitely generated
and C is dense in Ends(X), there exist h;EC such that kx=ex for all
xEeX. Then we have e;x = h.ex for each xE X and hence e;=h,e. Since e, b;EC,
we have ¢;EC. .

5. Proof of the main theorem. As was shown in §3, we have only to prove
Theorem 3.3.

For this purpose, let 4 and B be self-basic rings such that every indecom-
posable injective right A-module (resp. B-module) is finitely generated. Let
X (resp. Y) be a fully faithful right A-module (resp. B-module) which is a
direct sum of finitely generated submodules. Let C be a strongly dense sub-
ring of End4(X) and D a strongly dense subring of Endp(Y). Furthermore,
let ® be a ring-isomorphism of C onto D.

We shall first deal with the case where X and Y are finitely generated.

LeMMA 5.1. Theorem 3.3 holds if X and Y are finitely generated.

Proof. Since C and D are dense in End4(X) and Endp(Y) respectively
and X and Y are finitely generated, we have C=End,(X) and D=Endz(Y).
Since X and Y are fully faithful and finitely generated, by Morita [8, Theo-
rems 16.3 and 16.4] the left C-module X as well as the left D-module Y is
finitely generated, faithful, projective and injective(%).

(*) In case X is not finitely generated, the left C-module X is still projective but not injec-
tive.
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Let us set
cxy = ®(c)y forye v,c€C.

Then Y is a left C-module which is finitely generated, faithful, projective and
injective. Since the C-endomorphism ring of X (resp. the D-endomorphism
ring of Y) is inverse-isomorphic to A (resp. B) and 4 (resp. B) is self-basic,
the left C-modules X and Y are C-isomorphic to Ce; and Ce; where each of
e; and e; is a sum of a finite number of mutually orthogonal primitive idem-
potent elements of C such that any two of them generate nonisomorphic left
ideals of C. Here it is to be noted that the ring C is semi-primary in the sense
that its radical is nilpotent and the residue class ring modulo its radical satis-
fies the minimum condition for left and right ideals. Hence the semi-simple
part (=socle) of an indecomposable injective left C-module is simple and two
injective left C-modules are C-isomorphic if and only if their semi-simple parts
are C-isomorphic(?). In the present situation, each of the semi-simple parts
of Ce; and Ce; is a direct sum of a finite number of mutually nonisomorphic
simple left C-modules which exhaust all types of simple left C-modules con-
tained in C. Therefore the semi-simple parts of Ce, and Ce; are C-isomorphic,
and consequently Ce; and Ce; are C-isomorphic(®). Let w be a C-isomorphism
of X onto Y. Then we have

w(cx) = c*w(x) = ®(c)w(x) forx€ X,cEC.

On the other hand, for an element a of 4 the mapping y—w(w=1(y)a) defines
a D-endomorphism of Y and hence there exists an element 8(a) of B such that
w(w1(y)a) =y0(a). Thus we have w(xe) =w(x)0(a). It is easy to see that 0 is
a ring-isomorphism of 4 onto B. This completes the proof of Lemma 5.1.

We shall now return to the general case where X and Y are not necessarily
finitely generated.

Let ¢ and ¢’ be idempotent elements of C such that eX is 4-isomorphic
to the right A-module 4 and €¢'X is a direct sum of a finite number of mu-
tually nonisomorphic indecomposable injective right A-modules which ex-
haust all types of indecomposable injective right A-modules; the existence
of e and ¢ is assured by the assumption that C is strongly dense and X is fully
faithful. Let f and f’ be idempotent elements of D having the properties cor-
responding to e and ¢’ respectively.

Then by Lemma 4.3 each of f and f’ is a direct sum of a finite number of
mutually orthogonal primitive idempotent elements of D, and hence each of

(") Theorem 6.1 in Morita [8] holds for semi-primary rings in the above sense (with the
exception of 3°).

(%) From the fact that Ce; is a direct sum of a finite number of mutually nonisomorphic
indecomposable injective left ideals of C, it can be shown that Ce; is a minimal faithful left C-
module in the sense that any faithful left C-module has a direct summand which is C-isomorphic
to Ce; (=1, 2). From this we have another proof for the proposition that Ce; and Ce; are C-

isomorphic.
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®-1(f) and ®~1(f") is a direct sum of a finite number of mutually orthogonal
primitive idempotent elements of C. Hence by Lemma 4.2 we see that
®-1(f)X and ®~'(f")X are finitely generated right 4-modules.

From the assumption that X is decomposed into a direct sum of finitely
generated 4-submodules X,(AEA), it follows that there exist a finite number
of elements N\; (j=1, - - -, s) of A such that eX, ¢’X, ®71(f)X and ®71(f) X
are all contained in D 3., @X),. Let & be an element of C which is a projec-
tion of X onto 4, ©X),. Then by Lemma 4.3 £ is an idempotent element
which is a sum of a finite number of mutually orthogonal primitive idem-
potent elements of C. Hence by Lemma 4.2 ®(%) V is a finitely generated right
B-module.

The direct summands eX and ¢’X of X are both contained in £X, and
hence they are also direct summands of 2X. Hence kX is a finitely generated,
fully faithful right A-module.

On the other hand, we have ®~1(f) =ad~1(f), ®~1(f') =hP~1(f") since
d-1(f)X and ®~1(f') are contained in £X. Hence f=®(h)f, f' =P(h)f’. There-
fore fY and f'Y are contained in ®(k) Y, and, since they are direct summands
of ¥, they are also direct summands of ®(k) Y. This shows that ®(4)Y is a
finitely generated, fully faithful right B-module.

Thus we have arrived at the following situation: 2X is a finitely generated,
fully faithful right 4-module, ®(%) Y is a finitely generated, fully faithful right
B-module, ® induces a ring-isomorphism of 2Ch onto ®(h)DP(k), and kCh
=Ends(hX), ®(h)DP(h) =Ends(®(h) Y).

We now apply Lemma 5.1 to the present situation. Then there exists a
semi-linear isomorphism wy of 2X onto ®(k) ¥ with a ring-isomorphism 6, of
A onto B such that

wolcx) = ®(c)wo(x), for x € kX, ¢ € hCh,
wo(xa) = wo(x)8o(a), forx € kX, a € A.
Since eX is A-isomorphic to the right 4-module 4, there exists an element
x9 of eX such that eX=x04 and x0a=0 for a &4 if and only if a=0. If we
put yo=wo(xo), then we have
wo(eX) = wo(kehX) = ®(h)2(e)® ()Y = ®(e) Y,
wo(eX) = wo(eA) = wo(%0)Bo(4) = yoB,
and yb=0 for bEB if and only if b=0. Thus we have proved that ®(¢) Y
is B-isomorphic to the right B-module B. Therefore by Lemma 4.1 Y is
D-isomorphic to D®(e) as left D-modules. On the other hand, again by
Lemma 4.1 X is C-isomorphic to Ce as left C-modules.
Of course, ® induces a semi-linear isomorphism of the left C-module Ce
onto the left D-module D®(e) by the correspondence ¢—®(c) for ¢ Ce.

Therefore there exists a semi-linear isomorphism w of the left C-module
X onto the left D-module Y with the ring-isomorphism ® of C onto D:
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w(cx) = ®(c)w(x), forx € X,c € C.

For an element a of 4, the mapping y—w(w='(y)a) defines a D-endomorphism
of ¥V and hence by Lemma 4.1 there exists an element 6(a) of B such that
w(w~1(y)a) =y0(a). It is easy to see that 8 is a ring-isomorphism of 4 onto B.
Thus we have

w(xa) = w(x)0(a) forx € X,a E 4,

and w is a semi-linear isomorphism of the right 4-module X onto the right
B-module Y with a ring-isomorphism 6 of 4 onto B. This completes our proof
of Theorem 3.3.

REMARK. In Theorems 3.2 and 3.3 the adjective “fully faithful” cannot
be replaced by “faithful” in the usual sense.

Let C be the subalgebra of the full matrix ring (K)o over a commutative
field K such that the elements

e1 = ¢, ez = Caz + Css, e3 = 33 + Css,
€4 = c44 + cos + Con, es = cr, €6 = C10,10,
Ca1, C31, C41, €421 Ces, C43 + Cos,

C7sy C18y C10,8 C10,9,

form a K-basis of C, where c¢; mean matrix units. The algebra is self-basic,
and QF-3 and QF-1 in the sense of Thrall (cf. Morita [9, Example 2.2]).
Let us put

I

X = Ce, A = eCe, e=¢e + e+ e;
Y = C¢, B = ¢'Cé, e =ce+ e
YII — Cell’ B/I — elICe/I, eII =¢ + 86-

Then X is a fully faithful right A-module, and ¥’ (resp. Y”’) is a faithful
right B’-module (resp. B’’-module) which has a direct summand B’-isomor-
phic to B’ (resp. B'’-isomorphic to B"). Since Cis QF-1, we have End 4 (X)=C,
Endp (Y')=2C, and Endp(Y")=2C. Hence End4(X)=Ends.(¥’) but there
exists no semi-linear isomorphism of X onto Y since 4 and B’ are not ring-
isomorphic. On the other hand, if we correspond the B’’-endomorphism of
V" 9" >y’ (y' € Y") to the B’-endomorphism of Y':y'—cy (¥’ EY’), we
have a ring-isomorphism ® of Ends/(Y’) onto Endp/(Y"’) but there exists no
semi-linear isomorphism w of ¥’ onto Y such that ®(f) =w o f 0o w™! for each
fEEndg/(Y’) since such an w would give a C-isomorphism of ¥’ onto Y”'.
(However, there is a semi-linear isomorphism of ¥’ onto ¥”’ which is induced
by a ring-automorphism of C.)

6. A characterization of quasi-Frobenius rings. In this section we shall
show under some condition that quasi-Frobenius rings are the most general
type of rings for which the conclusion described in Theorem 1.2 holds.
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We shall say that 4 has a duality for modules if there exists a duality be-
tween the category 4I* of all finitely generated left A-modules and the
category % of all finitely generated right 4-modules(?).

It is well known that an algebra of finite rank over a commutative field
or a commutative ring with minimum condition has a duality for modules.
It is an open question whether any ring with minimum condition has a dual-
ity for modules.

We shall prove

THEOREM 6.1. Suppose that for any finitely generated faithful right A-module
X and any finitely generated faithful right B-module Y the existence of a ring-
isomorphism of End,(X) onto Endg(Y) tmplies the existence of a category-
isomorphism T from M4 onto Mp such that T(X) is B-isomorphic to Y. If
there exist some X and Y such that End4(X)=Ends(Y), and if A has a duality
for modules, then A and B are quasi-Frobenius.

Proof. We shall use the notations described at the beginning of §2. Thus
A'=eAe and B°=e¢'Be' are self-basic rings of 4 and B respectively, and ¢ and
¢’ are idempotent elements of A and B respectively. Let D= (D, D;) be a
duality between ,M* and M}. We put X,=Di(de), Yo=¢'B, where Ade is
considered as a left A-module and Y is a right B-module. Then End(X) is
inverse-isomorphic to the 4A-endomorphism ring of the left A-module 4¢ and
the latter is inverse-isomorphic to 4° Hence End4(X)=2A4° On the other
hand, we have Endg(Y,)=2B°. Since there are some X and Y such that
Ends(X)=Endz(Y), 4 and B are similar by Morita [8, Theorem 7.5], and
hence A° is ring-isomorphic to B°. Therefore we have End4(X)=Ends(Yy).
Hence from the assumption of the theorem it follows that there is a category-
isomorphism T from M4 onto Mz such that T(X,) is B-isomorphic to Y,.
Since the left A-module Ae is projective, X, is injective and hence T(X,) is
also injective, and consequently Y, is injective. Therefore by a theorem of
Ikeda (for example, cf. Morita [8, Theorem 14.1]) B is quasi-Frobenius,
and A is also quasi-Frobenius. This completes our proof.

From Theorems 6.1 and 1.2 we obtain a characterization of quasi-Fro-
benius rings.

THEOREM 6.2. 4 is a quasi-Frobenius ring if and only if A has a duality for
modules and for any finitely gemerated faithful right A-modules X and Y the
existence of a ring-isomorphism of End4(X) onto End4(Y) implies the existence
of a category-isomorphism T from M4 onto itself such that T(X) is A-isomorphic
to V.

(?) A duality between 4It* and M, is defined to be a pair D=(D,, D,) of contravariant
functors Dy: 4M*—DM4 and D,: MA—4M* such that the composite functors DoD; and DyD; are
naturally equivalent to the identity functor. Cf. Morita [8].
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7. The case of nonfaithful modules. In this section we shall prove the
following theorems.

THEOREM 7.1. Let A be a uni-serial ring whose basic ring A° is decomposed
into a direct sum of indecomposable two-sided ideals A (j=1, - - -, s) such that
if A}/ N} is ring-isomorphic to A}/ N then A} is ring-isomorphic to A where
N} is the radical of AS. Let B be similar to A. Then for a right A-module X and
a right B-module Y the existence of a ring-isomorphism of Enda(X) onto
Ends(Y) implies the existence of a category-isomorphism T from M4 onto Mp
such that T(X) is B-tsomorphic to Y.

THEOREM 7.2. Suppose that for any finitely generated right A-module X and
any finitely generated right B-module Y the existence of a ring-isomorphism of
End4(X) onto End(Y) implies the existence of a category-isomorphism T from
M4 onto Mp such that T(X) is B-isomorphic to V. If there exist some X and ¥
such that End(X)=Ends(Y) and if every residue class ring of A has a duality
for modules, then A is a uni-serial ring with the structure described in Theorem
7.1 and B s similar to A.

THEOREM 7.3. A is a uni-serial ring with the structure described in Theorem
1.1 if and only if every residue class ring of A has a duality for modules and for
any finitely generated right A-modules X and Y the existence of a ring-isomor-
phism of End 4(X) onto End4(Y) implies the existence of a category-isomorphism
T from M4 onto itself such that T(X) is A-isomorphic to Y.

Of course, Theorem 7.3 is a direct consequence of Theorems 7.1 and 7.2.

Proof of Theorem 7.2. We have only to consider the case where 4 and B
are self-basic. In this case there is a ring-isomorphism 6 of 4 onto B, since 4
is similar to B as is seen from the existence of a category-isomorphism of M4
onto M5 by [8, Theorem 7.5].

Let I be any two-sided ideal of 4. Then 4 /I has a duality for modules
and is self-basic. Since any finitely generated right 4/I-module X is a finitely
generated. right A-module and End.(X)=End4;:(X), it follows from Thep-
rem 6.1 that 4/ is quasi-Frobenius. Hence by a theorem of Ikeda [6] 4 is
uni-serial.

Now let A=A4,® - - - @4, be a decomposition of 4 into a direct sum
of indecomposable two-sided ideals of 4. Let N; be the radical of 4. Suppose
that 4;/N; is ring-isomorphic to 4,/N;.

We put X=A4;/N; Y=B;/M,, where B;=0(4;), M;=0(N;). Then
End4(X) and Endp(Y) are ring-isomorphic. Since 4 and B are self-basic,
there exists a semi-linear isomorphism w of X onto Y with a ring-isomorphism
¢ of A onto B. The correspondence x—¢(x)(xEA) induces a semi-linear iso-
morphism «’ of X onto the right B-module ¢(4:)/¢(N;) with a ring-isomor-
phism ¢ of 4 onto B, and hence the right B-modules ¥ and ¢(4;)/¢(N;) are
B-isomorphic. Since a decomposition of B into a direct sum of indecomposable
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two-sided ideals is unique, we see that ¢(4;) = B;, ¢(N;) = M;. Since B;=0(4;),
it follows that A; are ring-isomorphic to 4;. This proves Theorem 7.2.

Before proving Theorem 7.1 we shall give a lemma which was proved by
Asano [1] for the special case where X and Y are finitely generated.

LEMMA 7.4. Let A be a primary uni-serial ring. Let X and Y be any two right
A-modules. If End4(X) is ring-isomorphic to Enda(Y), then X and Y are A-
isomorphic.

Proof. It is sufficient to prove the lemma for the case where 4 is self-
basic, that is, 4 is a completely primary uni-serial ring. If we put
I={a|xa=0forall x€X}, J={a|ya=0 for all yE Y}, then X is a faithful
right 4/I-module and Y a faithful right A4/J-module. Since A/I and 4/J
are quasi-Frobenius and self-basic, we see by Theorem 1.3 that there is a
semi-linear isomorphism w of X onto Y with a ring-isomorphism 6 of A4/I
onto A /J. Since the totality of all two-sided ideals of 4 is {N *'| 1=0,1,2, . - - }
where N is the radical of 4, we have I=J.

Let X =Z @ X be a decomposition of X into a direct sum of indecomposa-
ble right A4 /I-submodules. For each \ there exists some ¢ such that X,=24 /N?,
IC N:. Then we have w(X))=2A4/Nisince §(N?/I) = Ni/I. Thus X,=2w(X,) for
each N\. Therefore X and Y are A/I-isomorphic, and consequently they are
A-isomorphic. This proves Lemma 7.4.

Proof of Theorem 7.1. It is sufficient to prove the theorem for the case
that 4 and B are self-basic. In this case there is a ring-isomorphism 6 of 4
onto B since 4 and B are similar. Corresponding to the direct-sum decom-
position of 4 into indecomposable two-sided ideals: A=4,® - - - 4, we
have a decomposition of B: B=B,® - - - & B, where B;=0(4,).

Let X be a right A-module and Y a right B-module. If we put X;=XA4,,
Y;= YB;, then we have the following decompositions:

X=X0 - &X, =70 07,
Enda(X) = Endy,(X1) @ - - - ® End,, (X)),
Endp(Y) = Endg,(¥,) ® - - - ® Endg, (V).
If we set I;=Ann(X;; 4:)(*®) and Jr=Ann(Y}; B:) then we have
End,,(X:) = Endgyr,(Xx) and Endg(Yi) = Ends,u, (V).

Here we may assume without loss of generality that X 0, YV, #0,k=1, - - -,s.
Then the Endg4,(Xk)-endomorphism ring of the left End4,(Xk)-module X
is indecomposable. Since X} is faithful as a left End,,(X%)-module, the ring
End4,(X:) is indecomposable as a two-sided ideal of End4,(X4:). Conse-
quently End,,(X:) is indecomposable as a two-sided ideal of End4(X). Like-
wise Endg,(Y%) is indecomposable as a two-sided ideal of Endz(Y).

(1) By Ann(X; 4) we shall mean the annihilator ideal of 4 for a right 4-module X.



1962] ISOMORPHISMS AND ENDOMORPHISM RINGS OF MODULES 467

Let ® be a ring-isomorphism of Ends(X) onto Endz(Y). Since a de-
composition of Endg(Y) into a direct sum of indecomposable two-sided ideals

is unique (cf. Jacobson [7, p. 42]), there is a permutation = of (1,2, - - -, )
such that ®(End (X)) =Ends,(Y;) for j=w(3).
Let j==(3).

Then X;is a faithful right 4;/I;-module, Y; a faithful right B;/J;-module,
and A;/I;, B;/J; are self-basic quasi-Frobenius. Hence by Theorem 1.3 there
is a semi-linear isomorphism w; of the right 4;/I;-module X; onto the right
B;/J;-module Y; with a ring-isomorphism 6; of 4;/I; onto B;/J;. Let N; be
the radical of 4;. Then I;C N;(!), and hence 6! 0 ; induces a ring-isomor-
phism of 4;/N; onto 4;/N;. Therefore by the assumption on the structure
of 4 it is seen that there is a ring-isomorphism ¢; of 4; onto 4;. If we put
Y¥;=0 0 ¢;, then ¥; is a ring-isomorphism of 4; onto B;. If we put further
y*a=yp(a) for yEY;, aEA;, then Y; is a right 4;-module and its endo-
morphism ring is isomorphic to End,;(Y;). Hence the 4;-endomorphism rings
of the right 4;-modules X; and Y; are isomorphic. By Lemma 7.4 we see that
X; and Y; are A;-isomorphic. Thus there exists a semi-linear isomorphism
w;{ of the right 4;-module X, onto the right B;-module ¥; with a ring-iso-
morphism ¥; of 4; onto B;. If we set

12 ( Z.: a.«) = g ¥i(a), a; € A,

=1

o (Ew) = Sotte, "E X,
=1 =1
then «’ is a semi-linear isomorphism of the right 4-module X onto the right
B-module Y. This completes the proof of Theorem 7.1.
8. Modules over a uni-serial ring. Finally, we shall prove the following
theorems which determine the general type of rings having the property de-
scribed in Lemma 7.4.

THEOREM 8.1. If A is a uni-serial ring whose basic-ring A° is decomposed
into a direct sum of indecomposable two-sided ideals AS, - - -, A such that
A}/ N} is not ring-isomorphic to A)/Nj for i%] where Ny denotes the radical of
A}, then for any two right A-modules X and Y the existence of a ring-isomor-
phism of End4(X) onto End4(Y) implies the existence of an A-isomorphism of
X onto V.

THEOREM 8.2. The converse of Theorem 8.1 holds in case A has a duality for
modules.

Proof of Theorem 8.1. We have only to prove the case where A4 is self-
basic. In this case, let A=4,® - - - &4, be a decomposition of 4 into a
direct sum of indecomposable two-sided ideals; each A; is a completely

(M) In case I;,=A; we have J;=B; and hence X;=0, ¥;=0.



468 KIITI MORITA [June

primary uni-serial ring and 4;/N; is not ring-isomorphic to 4;/N; for 15j
where N, is the radical of 4;.

Let X and Y be right A-modules such that End,(X) is ring-isomorphic
to Enda(Y). If we set X;=X4,, Y;=YA4;,i=1, - - -, s, then we have the
following direct-sum decompositions:

Xx=3ox, Y=XYo7v,
Ee §

]
Ends(X) = X @ Ends,(X)), Enda(¥) = 2 @ Ends (V).
=1 fmm]

Here we may assume without loss of generality that X;#0, Y;#0,
i=1, - - -, s. Similarly as in the proof of Theorem 7.1 we see that there is a
permutation 7 of (1, - - -, 5) such that End4;(X;)=End4;,(Y;) for j=n(5).
If we denote by I; resp. J; the annihilators Ann(X;; 4,) resp. Ann(Y;; 4;),
then A4;/I; is ring-isomorphic to 4;/J;. Since we have I,CN;, J;CN;(}),
A/ N;is also ring-isomorphic to 4,/ N;. From the assumption on the structure
of A it follows that 2=34. Thus 7 is the identity. Hence by Lemma 7.4 X;=2Y;
as right 4;-modules, and consequently X and Y are A-isomorphic.

Proof of Theorem 8.2. As in the proof of Theorem 7.2 we have only to
prove the theorem for the case where 4 is self-basic.

From Theorem 6.2 it follows readily that 4 is quasi-Frobenius. Let N
be the radical of A. Then by Nakayama [11, Part I, Theorem 6] we have

i=y(r(N%))=I((N?)),1=1,2, - - - where r(S)= {a| sa=0 for every s€S},
uS)= {alas=0 for every s€S} for a subset S of 4. Let X be any finitely
generated left 4-module such that NiX=0. Then we have YN:‘=0 for
Y=Chars X(=Hom4(X, A)); because if xEX, aEY, mEN* then ma(x)
=a(mx) =a(0) =0 and hence a(x) Er(N%), and consequently (am)(x) =a(x)m
=0since N*=r(r(N?%)). Similarly for any finitely generated right A-module ¥
with YNi=0 the left A-module Char, Y is annihilated by N® from the left-
hand side. Therefore by associating with each finitely generated left or right
A/Nimodule X the A-character module Chars X we obtain a duality be-
tween the category of all finitely generated left A/N‘-modules and the cate-
gory of all finitely generated right 4/N‘-modules. Thus 4/N* has a duality
for modules.

Now any finitely generated right A/N*module X is considered as a
finitely generated right A-module, and End4(X)=End~*(X). Hence by
Theorem 6.2 it is seen that A/N? is quasi-Frobenius. In particular, 4/N? is
quasi-Frobenius. Hence by Nakayama [12] 4 is a generalized uni-serial ring.
Weshall prove furthermore that 4 is uni-serial. For this purpose by Nakayama
[12] we have only to show that B=A/N? is uni-serial.

As is noted above B is self-basic, quasi-Frobenius and generalized uni-
serial. Furthermore for any finitely generated right B-modules X and Y the



1962] ISOMORPHISMS AND ENDOMORPHISM RINGS OF MODULES 469

existence of a ring-isomorphism of Ends(X) onto Endp(Y) implies the exist-
ence of a B-isomorphism of X onto Y. Let e be a primitive idempotent ele-
ment of B and M the radical of B. Then we have Endg(eB/eM)=2eBe/eMe.
On the other hand, eM is the semi-simple part of the injective right B-module
eB, and hence by our previous paper [10, Theorem 4.2] End (e M)=2eBe/eMe;
because if ebe is an element of B such that ebee M =0 then ebeeB is a simple
right B-module and hence ebeeBCeM. Therefore eB/eM is B-isomorphic to
eM. Consequently B is uni-serial. Thus 4 is uni-serial.

Let A=A4,® - - - ®A, be a direct-sum decomposition of 4 into inde-
composable two-sided ideals of A. Here it is assumed that 4 is self-basic.
Moreover, since A is uni-serial as is shown above, every residue class ring of
A has a duality for modules. Hence by Theorem 7.3 A has the structure de-
scribed in Theorem 7.1; that is, if 4;/N; is ring-isomorphic to 4;/N;, then
A; is ring-isomorphic to 4; where Ny is the radical of 4. Suppose that 4;/N;
is ring-isomorphic to 4;/N; for 15j. Let us set X=A4;/N;, Y=A4;/N;; then
X and Y are finitely generated right 4-modules and Ends(X) is ring-iso-
morphic to End,(Y), but X and ¥ are not A-isomorphic. Hence 4;/N; is not
ring-isomorphic to 4;/N; for ¢5j. Thus the theorem is completely proved.
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